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Abstract. We define Albanese and Picard 1-motives of smooth (sim- 
plicial) schemes over a perfect field. For smooth proper schemes, these 
are the classical Albanese and Picard varieties. For a curve, these are 
the homological 1-motive of Lichtenbaum and the motivic H 1 of Deligne. 
This paper proves a conjecture of Deligne about providing an algebraic 
description, via 1-motives, of the first homology and cohomology groups 
of a complex algebraic variety. (L. Barbieri-Viale and V. Srinivas have 
also proved this independently.) It also contains a purely algebraic proof 
of Lichtenbaum's conjecture that the Albanese and the Picard 1-motives 
of a (simplicial) scheme are dual. This gives a new proof of an unpub- 
lished theorem of Lichtenbaum that Deligne's 1-motive of a curve is dual 
to Lichtenbaum's 1-motive. 



Revised version 



0. Introduction 

Let kbe a perfect field. Two classical invariants of any smooth projective 
variety X over k are the abelian varieties Alb(X) (the Albanese variety), 
and Pic(X) (the Picard variety) [||]. It is a classical observation of W. L. 
Chow, J. Igusa, and A. Weil that Alb(X) and Pic(X) are naturally dual. 

In this paper, we extend this classical result, using 1-motives, to arbitrary 
schemes over k. P. Deligne's technique || §6.3 of defining a cohomological 
invariant for arbitrary varieties consists of defining it for simplicial schemes 
X. (this is the complement of a simplicial divisor with normal crossings E, in 
a smooth projective simplicial scheme X' 9 ) and using smooth hypercoverings 
to define it for varieties (see §^) . For any such scheme X, , we will define the 
Albanese 1-motive M\ {X, ) and the Picard 1-motive M 1 (X, ) . Our construc- 
tion of the covariant functor Mi is based on the generalized Albanese variety 
of Rosenlicht-Lang-Serre. The construction of the contravariant functor M 1 
is based upon the Picard scheme of a simplicial scheme. 

Our main result (Theorem 5.1) is that, for any X m , the 1-motives M 1 and 



Ml are naturally dual. This was conjectured by S. Lichtenbaum. When 
X, = X' % is a constant scheme corresponding to a smooth projective variety 
V (i.e., each X{ = V), Theorem [O] reduces to the classical duality of Alb(V) 
and Pic(V). 



Date: 30 September 2000. 

Supported by NSF and the Alfred P. Sloan Doctoral Dissertation Fellowship, 1995-96. 



1 



2 



NIRANJAN RAMACHANDRAN 



For any curve C, Deligne has defined a 1-motive i?^ (C)(1) and obtained, 
via the realization functors on one-motives, the £-adic cohomology, De Rham 
cohomology etc., of C from i?^(C)(l). Lichtenbaum |2l] showed that a 1- 
motive appears, rather naturally, in the Suslin complex of the curve C . This 
led him to define h\(C), the homological 1-motive of C. The homological 
1-motive of a smooth curve is readily seen to be a generalized Jacobian of 
M. Rosenlicht M, E$3|. 



Associated with any curve C is a canonical smooth simplicial scheme Z, 
(§§ § §10.3). We show that M X (Z.) = h%(C) and M 1 (Z m ) = H^(C)(l). 
As a consequence of Theorem |5.1| , we obtain a new proof of an unpublished 
theorem of Lichtenbaum (Theorem |6.8| ): the 1-motive h\{C) is naturally 
dual to the 1-motive ff^(C)(l). 

Let X, be a scheme (as above) over C. We also show that the Hodge 
realization of M 1 (X.) is the mixed Hodge structure -ff 1 (X,; Z(l)). It fol- 
lows from the duality theorem (Theorem |5.l[) that the Hodge realization of 
Mi(X 9 ) is the mixed Hodge structure on H\(X a ) /torsion. This settles the 
conjecture of Deligne for I(H x (X m )(l)) (§10.4.1 of ||). Results about the 
other realizations of these 1-motives will appear elsewhere. 

Weak Lefschetz-type theorems are available for varieties which are either 
non-singular quasi-projective or affine (||l4| pp. 23-24); it is also remarked in 
(loc. cit) that such theorems do not hold in general for arbitrary varieties. 
Therefore, the study of the motivic H 1 and H\ for general varieties does not 
seem to reduce to the case of curves. This means that the results obtained 
here about the motivic H 1 and Hi are perhaps of interest. Related work 
in this direction includes §7|], @, [§, §, [O, @, and @. I should 



mention that [ 30 1 generalizes to H n (for n > i)[] the results obtained here 
for H . But the Albanese 1-motive and the duality theorem are not touched 
there. Recently L. Barbieri-Viale and V. Srinivas Q (announced in |l|]) have 



independently proved Theorems 3.2 and 4.4. One (the essential) difference 
between their work and ours is that their Albanese 1-motive is defined to be 
the dual of the Picard 1-motive. Another is that they define their invariants 
only in characteristic zero, whereas we do so for an arbitrary perfect field 



(The restriction to perfect fields is forced by Theorem 3.4). 

0.1. Notations. We use the following conventions. 

S = Spec k, the spectrum of a perfect field k. 

The characteristic of k is denoted by p. 

S = Spec k, the spectrum of an algebraic closure k of k. 

g = Gal(k/k), the Galois group of k over k. 

We consider only separated schemes X over S. Such schemes are supposed to be 
of finite type over S unless otherwise mentioned. We use X to denote the 5*-scheme 
X Xs S defined by the 5-scheme X. 

X := the normalization of X. 



x In |3Q ]. the conjecture of Deligne is proved up to isogeny for H n (V); here, our theorem 
proves the integral version of the conjecture for H . 
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X red := the maximal open and closed (reduced) subscheme of X. 
w(X):= the set of connected components of X Xj S 
= the set of irreducible components of X. 

A variety is a scheme V over S such that V is a integral scheme. 
We use S and k interchangeably: we say fc-points of a scheme to mean its points 
with values in S. 

The group schemes we consider are commutative. For such a group scheme G, let 
G° denote the connected component of the identity and G°' red denote the connected 
component of the identity of the reduced scheme G red . For a positive integer r prime 
to p, we denote by r G the group scheme corresponding to Ker(G — > G), i.e., the 
r-torsion subgroup scheme of G. 

A semiabelian scheme is a commutative group scheme which is an extension of 
an abelian scheme by a torus. 

Z is the locally algebraic group scheme defined by Z(5) = Z with trivial g action. 

&' := the category of group schemes over S. 

G := the category of locally algebraic semiabelian schemes over S. 
ED := the abelian category of sheaves (of abelian groups) on Sfl- 
Sfl := the (big) flat site of S ||. 

Properties of a simplicial scheme X, are properties that hold for each Xf. X, is 
proper if each Xi is proper over S, same for smooth, normal, reduced, etc. 

Let W be a set, and denote by Z[W] the free abelian group generated by W. We 
define the abelian group Z w to be the group of integer valued functions on W i.e. 
Z w := Maps(W,Z). For a finite set W, the groups Z(W) and Z w are naturally 
dual as abelian groups. 

For any finitely generated abelian group G, we put Gt or to denote the torsion 
subgroup of G. We denote by G/tor the maximal torsion-free quotient of G. 

A4HS:= the abelian category of mixed Hodge structures (MHS). 

MHp ol := the category of torsion- free MHS N of type 

{(0,0), (-1,0), (0,-1), (-1,-1)} 

such that Gr^N is polarizable § §10.1. 

%{M) S MH\ ol denotes the Hodge realization (§] 10.1) of a 1-motive M. 

We use Hz to denote the underlying Z-lattice of the mixed Hodge structure 
H. We use WiM and WiH to indicate the weight filtration on 1-motives and 
mixed Hodge structures. The Tate Hodge structure Z(l) corresponds to the lattice 
2ml C C; the Hodge structure Z(n) (for n > 0) is defined to be Z(l)« ln . For 
n < 0, wc define Z(n) to be the Hodge structure dual to Z(— n) i.e we have Z(n) = 
HomMffs(Z(— n), Z). The Tate Hodge structure Z(n) is of weight — 2n of type 
(—n, — n). For any mixed Hodge structure H, the Tate twist H(n) denotes i?<g>Z(n). 
For any scheme V over C, we use H*(V) to indicate the mixed Hodge structure 
H*(V(C); Z). Similar convention for homology applies as well. Given a sheaf T on 
V, we write H l {V;T) for H l (V(C); T). 
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1. Albanese Schemes 



This section is based on a succinct suggestion of J. -P. Serre |37y. The 



goal is the definition of the Albanese scheme of a scheme X over S. This is 



different from the (very interesting) universal regular quotient of [11]. 

1.1. Locally algebraic group schemes. 

Definition 1.1. A locally algebraic group scheme is a group scheme locally 
of finite type over S. 

A (group) scheme of finite type will sometimes be called an algebraic 
(group) scheme. A locally algebraic group scheme G such that G° = S is 
said to be discrete or of dimension zero; it is an etale S'-scheme. Such a 
group G is determined (up to isomorphism) by the discrete g-module G{S). 

Recall from || pp. 284-6 that there is a discrete locally algebraic group 
ttq(G) associated with a locally algebraic group scheme G, a scheme-theoretic 
analog of the group of connected components; it is the universal object for 
homomorphisms from G to discrete locally algebraic group schemes. One 
has an exact sequence of locally algebraic group schemes: 

(1) -> G° -> G ^ n (G) -> 
where qc is a homomorphism of group schemes. 

1.2. Construction. Let B be a commutative group scheme (algebraic) over 
S. Given two P-torsors P\ and P2 (torsor = principal homogeneous space), 
the .B-torsor obtained by Baer summation is denoted Pi Pi- For any 
-B-torsor P, one can define a new torsor P _1 by twisting the action of B 
by the automorphism corresponding to the inverse i : B — > B. With each 
-B-torsor P, one can associate a locally algebraic group Bp as follows. For 
n positive, let P® n denote the P-torsor P V p • • • V b P (n terms). For n 
negative, let P® n denote the .B-torsor V# ■ ■ ■ P (n terms). Let 

be the trivial torsor B. We define 

(2) B P := ]J P® n - 

note the canonical morphism ap : Bp -» Z. The natural morphisms 

/g\ p®n x ^ p®m y p<$>n y ^ p®m ._ p®{m+n) 

endow Bp with the structure of a commutative group scheme; Bp is an 
extension of Z by the group scheme B. Any scheme T defines a sheaf T of 
sets on Sfl'- A 1— > Homs(X, T). There is a natural inclusion of V Bp 
of sheaves of sets on Sp^; in fact, V is the subsheaf of Bp corresponding to 
the inverse image under ap of the section 1 £ Z. 
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A semiabelian scheme is an algebraic group scheme which is an extension 
of an abelian scheme by a torus; it is geometrically connected. We call a 
locally algebraic group scheme G semiabelian if G° is a semiabelian scheme. 
If B is a semiabelian scheme and P is a torsor under B, then the group 
scheme Bp is a semiabelian locally algebraic group scheme. 

Definition 1.2. A large group is a semiabelian locally algebraic group scheme. 

We use this terminology because (1) the name is short and (2) a large 
group is not a scheme of finite type. We denote by D the abelian category 
of sheaves (of abelian groups) on the (big) flat site Sfl of S. The category 
G of large groups embeds as a full subcategory (denoted G) of D. 

1.3. Morphisms to large group schemes. For any set W, let Z[W] be 
the free abelian group generated by the set W. Let X be a scheme. Define 
Px to be the presheaf of abelian groups on Sfl by T \— > Z[A(T)]. 

Definition 1.3. Zx is the sheaf on Sfl associated with the presheaf Px- 

The association X \— > Zx determines a covariant functor from the cate- 
gory of schemes over S to B. If we consider A" as a sheaf X of sets, then 
we have a canonical inclusion j : X <^-> The sheaf Zx has the fol- 

lowing universal property: Given any abelian sheaf T on Sfl and a map 
g : X — > F of sheaves of sets, there is a unique homomorphism of abelian 
sheaves g : — > T which factors g, i.e., gj = g. 

It is known that the sheaf Zx is not representable in any reasonable 



topology [40]. One is naturally led to consider the universal representable 
quotient of Zx ; we restrict ourselves to the situation where the representing 
scheme is a large group. 

It is well known that there is an etale algebraic S-scheme tto(X) and a 
S'-morphism qx '■ X — > ttq(X) which is universal for morphisms from X into 
etale S'-schemes (1|, Prop 6.5, p. 154). 

Consider the sheaf Z no ^ X ) on &FL defined by the scheme ttq(X); as above, 
qx denotes the induced homomorphism from Zx —* Z %0 rx)- The following 
lemma is well known (loc. cit). 

Lemma 1.4. (a) Z nQ (x) ^ s represented by a discrete large group Dx- 

(b) The pair (Z %0 rx) > Qx) is universal for morphisms from Zx to discrete 
group schemes. 

The group Dx of a variety X is isomorphic to Z. 

Definition 1.5. The Albanese sheaf of X is the universal object for mor- 
phisms from Zx to objects in the subcategory G (i.e. sheaves corresponding 
to large groups). 



We say that X admits a universal morphism if the Albanese sheaf of X 
exists. 
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Grant, for the moment, the existence of the Albanese sheaf of X. The 
sheaf Ax comes equipped with a surjective homomorphism ux '■ Zx —* Ax ■ 
Let Ax be the large group corresponding to the sheaf Ax- The morphism 
X c — > Zx — > »4x of sheafs of sets on Sfl corresponds, by Yoneda's lemma, 
to a morphism ux '■ X — > ^4x of schemes. 

We call the Albanese scheme of X and is the universal morphism 
associated with X. The pair (Ax, u x) is uniquely determined (up to unique 



isomorphism). An easy consequence of definition 1.5 is a canonical isomor- 
phism 

(4) tt (A x ) ^ D x . 

The assignment X \— » Ax determines a covariant functor A from the cate- 
gory of algebraic schemes over 5 to large groups over S. 

For a scheme W finite over S (e.g., a finite group scheme), we have canon- 
ical isomorphisms 

(5) Z w A A w A D w . 

The next proposition follows from the corresponding properties of the func- 
tor P i— > Zp. 

Proposition 1.6. (Properties of the Albanese scheme) 

(i) (base change) Let S' be the spectrum of a perfect field k' containing k. 
One has Ax xs S' = Axx s s'- 

(ii) Let X := Y\JV be the disjoint union of schemes Y and V. One has 
A x = A Y x 5 A v . 

(iii) Let X — > Y be a surjective morphism. The induced map /* : Ax — » 
Ay is a surjection. 

Remark 1.7. Serre has shown that every scheme X admits a universal 



morphism to a torsor P under a semiabelian scheme B: in [34], he shows 
that every scheme X admits a universal morphism (over k) to a semiabelian 
scheme B (the scheme B is defined over k) and the method of descent as 
in j3(| (pp. 102-107) assure the existence of a universal map (defined over k) 
to a torsor P under the universal semiabelian scheme B. This semiabelian 
scheme B is the "generalized Albanese" of X. 

Remark 1.8. Let T (resp. R) be a torsor under a group scheme G (resp. 
under H). Consider the group schemes Gt and Hr together with the canon- 
ical surjective homomorphisms ax '■ Gt — * Z and an : Hr — > Z. Specifying 
a morphism h of torsors between T and R is equivalent to specifying a ho- 
momorphism of group schemes h : Gt —* Hr such that aph = aT (i.e. h 
induces the identity on the quotient Z). 

Let V be a connected scheme (so that there is a map gy : Dy — > Z). Let 
/ : V — > P be the universal morphism from V to torsors under semiabelian 



schemes (as in Remark 1.7). Consider the natural inclusion of P in Bp. 
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The map / induces a map / : Zy — > Bp. Define B" := Bp x% Dy, where 
the fiber product is taken via the maps ap : Bp — > Z and gy. The map / 

factorizes as Zy — ► B — > l?p by the universal property of Dy- The main 
difference between 5" and Bp lies in their group of connected components. 

Proposition 1.9. The pair (B",f") is the Albanese scheme ofV. 

Proof. Consider a homomorphism d! : Zy — > H' to a large group H'. By 
universality of Dy, the map d' factorizes uniquely as jd where 

(a) d : Zy — > is a homomorphism to a large group -ff inducing an 
isomorphism Dy ^ 7Tq(H); notice H = H' x wo fH') Dy- 

and 

(b) j : H — » iT' is a homomorphism of large groups. 

It suffices to show that the map d factorizes via (B" , f"). Let TL denote 
the sheaf of abelian groups on Sfl corresponding to the group scheme H. 

The composed map d\ : V Zy Ti, of sheaves of sets on Sfl gives, 
by Yoneda's lemma, a S'-morphism cZi : V — * H of schemes. Since V is 
connected, its image under d\ is contained in a connected component Q of 
i7. The neutral component C of is a semiabelian scheme. The scheme Q 
has the structure of a torsor under C such that the pair of inclusions Q ^> H 
and C ^ H combine into a morphism of torsors. In other words, there is 
a (injective) morphism of group schemes k : Cq — ► iJ. Now we use the 
fact that / is universal for morphisms from V to torsors under semiabelian 
schemes. We get a homomorphism b : B — > C and a morphism of torsors 



/i : P — > Q such that <ii = hf. By Remark |1.8| , this is equivalent to specifying 
a homomorphism h : Bp ^ Cq compatible with the augmentation to Z. 
We have shown that d can be factorized as khf. But, as we saw, / can 
be factorized via /". This demonstrates the universal property of the pair 
(£?",/"). □ 

Corollary 1.10. Let Ay be the Albanese scheme of a connected scheme 
V , as above. The neutral component of Ay is the " generalized Albanese 



variety" ofV defined by Serre (1.7). 



Theorem 1.11. Let X be a reduced algebraic scheme over S. There exists 
a large group Ax together with a map ux '■ Zx — ► Ax which is universal 
for homomorphisms from Zx to large groups. 

Proof. We have just seen that the Albanese scheme exists for connected 



schemes. Now use Proposition 1.6. □ 



The identification of Corollary 1.10 yields the 



Corollary 1.12. (i) Given a torsor P under a semiabelian scheme B, the 



natural inclusion of P Bp induces a homomorphism j : Zp — > Bp. The 
large group Bp, together with the map j, is the Albanese scheme of P. 
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(ii) // X is proper, then A x is an abelian scheme. 

(iii) If U is an open dense subscheme of X, then the induced map Ajj — > 
Ax is surjective. 

(iv) (homotopy invariance) As usual, A n denotes n-dimensional affine 
space over S. Let Y := X XgA n . The natural projection it :Y —* X induces 
an isomorphism it* : Ay — ► Ax- 

(v) For any semiabelian scheme B, one has Ab = B x^Z. 

(vi) (Kunneth) Let X := Y X5 V and let a : Dx — ► Dy xs Dy denote 
the natural map. One has 

A x = (A Y x s A v ) x (Dyx£V) D x - 

Proof. We prove (iv), (v), (vi) and leave the rest to the reader. For (iv), 
observe that A&n = Z: there are no nonconstant morphisms from A n to 
semiabelian varieties. Statement (v) is a special case of (i) which follows 



from Proposition 1.9. As for (vi), it is clear that 7To(^4x) = Dx- Now, use 
the fact that A x = A Y X5 Ay which follows (using Corollary |1.10| ) from 
the corresponding property for the "generalized Albanese varieties" of Serre 
(O) proved in §1. □ 



Example 1.13. A curve is a scheme of pure dimension one over S. Let X 
be a normal integral curve. There is a unique normal projective curve X' 
containing X as an open dense subscheme; let R be the closed complement 
of X in X' . The semiabelian variety A x is the generalized Jacobian of 
Rosenlicht [32] of X' corresponding to the modulus R (cf. |6.4| and [35] p. 
4). 



2. Special schemes 

Let X be the open complement of a divisor E in a smooth and projective 
variety X' of dimension d. Let j : X =— > X' denote the inclusion. Schemes 
such as X are termed special. We fix these notations for the rest of this 
section. We now turn to a discussion of the "generalized Albanese variety" 



of X defined by Serre [35]. 



Let w(E) denote the set of geometric points of tto(E) i.e. w(E) is the set of 
connected components of E x 5 S or, what is the same, the set of irreducible 
components of E. Given a set W, one defines the abelian group 7< w to be 
the group of integer valued functions on W i.e. Z w := Maps(W,Z). For a 
finite set W, the groups Z(W) and Z w are naturally dual as abelian groups. 

The etale group scheme Z E is defined by its geometric points: Z (S) = 
%w(E)_ If p^x') := H 1 ^'; O x ,) denotes the absolute Picard group of X', 
there is a natural g-equivariant homomorphism 

(6) Z w W^Pic{X>) d^O(d); 



ONE-MOTIVES 



9 



this provides a morphismf]: 

(7) b : Z™(*) -> D Pic « d 

whose kernel is denoted -B; set I = B(S). Under the natural duality between 
Z W ( E ) a nd Z(w(E)), the group / is dual to the subgroup J of divisors of 
X' x s 5, supported on E x s S, which are algebraically equivalent to zero. 
Consequently, / and J have the same rank. The Neron-Severi group NS(X') 
of X' is the group of geometric points oiDp iCx , . There is a natural morphism 

B^Pic° x ,. 

The abelian scheme A x , is the "classical" Albanese variety of X' . It is the 
maximal abelian quotient of the semiabelian scheme A x (the "generalized 
Albanese variety" of Serre). 

2.1. Serre's Construction. Let us review the construction of A x , via the 
Picard scheme of X', due to Serre |j35| . Denote by v the natural map from B 
to the neutral component Pic x , of Picx>- This defines the Picard 1-motive 
of X 

(8) M 1 (X) := [B A Pic° x , ed ]. 

The Cartier dual of this 1-motive is the Albanese 1-motive of X 

(9) Mx(X) := [0 - G]; 

the group G is an extension of A x , by the torus T := Hom(B,G m ). 

Theorem 2.1. (J. -P. Serre) The semiabelian scheme G is naturally isomor- 
phic to A° x |3£ 



Corollary 2.2. (a) The kernel of the natural morphism A x — > A x , is the 
torus T = Hom(B, G m ) . 

(b) The dimension of the torus T is the rank of the abelian group I. 

(c) the 1-motives and (j^j are independent of the compactification X' 
ofX. 



Let u : X' — > L' be a universal morphism (see Remark 1.7) where L' is a 
torsor for A x ,. One has the classical isomorphisms 

(10) Pic° A o = Pic° L , ^ Pic° x , , 

X' 

(11) P~PiS^ d Pic°/ ed ^A x ,. 

Using this, one interprets the map v as specifying certain G m -torsors on 
A° x , (and on V). The group scheme G is the geometric scheme corresponding 
to the total space of the T-bundle (given by v) over A° x , . Likewise, L is the 
scheme over L' corresponding to the total space of the T-bundle. Using the 
universal map n, one may pull this back to X' to get a T-bundle over X' 
with the following property: given any element b G Hom(T, G m ) = B, the 

2 Pic x > is the Picard scheme of X' (see §B|) 
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G m -torsor over X' obtained via b corresponds to the line bundle denned 
by b, viewed as a Cartier divisor on X'. Observe the trivial fact that X is 
disjoint from the support (contained in E) of all the elements of B{S) viewed 
as Cartier divisors on X' . Therefore, given any b as above, the G m -torsor 
defined by b has a canonical trivialization over X: one has a rational section 
of the G m -torsor whose divisor is exactly b, and this is unique up to an 
element of H°(X'; (D* x ,). This section can be used for the trivialization over 
X. Further, this can be done in an uniform manner to derive a morphism 
X — > L, which is unique up to translations by elements of T. Serre |35[] 
shows that this morphism is universal for maps to torsors under semiabelian 
schemes. This extends, by universality of the sheaf 2x, to a morphism 
Zx — > Gl where Gl is the large group scheme defined by the G-torsor L 



(as in L2). One deduces that this last morphism is the universal morphism 
for X. 

The next theorem is true by definition of M\(X) and M X (X). But the 
proof of the corresponding result for simplicial smooth schemes (proved in 
§H) is nontrivial. 

Theorem 2.3. The 1-motives M\{X) and M 1 (X) are dual. 

Let Y be an open subscheme of X whose complement in X has codimen- 
sion greater than one. Let By be the group dual to the group of divisors of 
X' x s S (supported on (X' — Y) x 5 S) which are algebraically equivalent to 
zero. 

Corollary 2.4. The inclusion of Y in X induces an isomorphism of the 
Albanese schemes Ay — > Ax- 

Proof. Observe that B and By are all the same. □ 



2.2. Hodge realization. Just as a harbinger of later results, we prove 
a result about the Hodge realization of M\(X). Consider an imbedding 
l : k <^-> C 0. By base-change via t, we may and do assume (in this subsection) 
that all our schemes are over C. Since we are over an algebraically closed 
field, there is no essential difference between a group scheme and its torsors. 
Let u : X — > A x be the universal morphism (uniquely determined by the 
choice of a base point). Recall that d is the dimension of X. 

Consider the long exact sequence in cohomology (with coefficients in Z) 
of the pair (X',E): 

-> H 2d ~ 2 {X'){d) A H 2d - 2 {E)(d) -» H 2d - 1 (X',E)(d) -> H^iX'^d) -» 

Poincare duality gives H 2d - l {X'){d) ^ H^X'). By Lefschetz duality, we 
have that H^-'^X', E)(d) = H^X). The image of a is the dual MHS of the 

kernel of (H°(E)(-1) A H 2 {X')) where (3 sends an element of H°(E)(-1) 
to its Poincare dual, an element of H 2 (X'). The group H°(E) is the free 

3 The variety X is always defined over a finitely generated extension of Q. So, we may 
assume that k is finitely generated over Q. 
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abelian group Z W ( E ^ i.e. the group dual to 7*(w(E)). The map b in ([?]) 
induces a map on the geometric points and there is a natural inclusion of 
Dpi Cxl (C) in H 2 (X'), via the exponential sequence. The composed map 
is the map /3. The kernel of j3 corresponds, under the duality of Z ro f E ' 
and 7j(w(E)), to the subgroup J of divisors of X', supported on E, which 
are homologically equivalent to zerof^]. Hence we find that Ker/3 = I. If 
I* = Hom z (I,Z), then Im a Hom z (I (-1),Z) = both are MHS of 

type (—1,-1). So we obtain the exact sequence 

-» J*(l) -> ffi(X) -» ffi(X') 0. 



Theorem 2.5. (Hodge realization) 
(i) T/ie map 



: HxiX-Tj/tor -» i?i(A^;Z) =: T(Mi(X)) 

o/ mixed Hodge structures is an isomorphism. 
(ii) There is a natural isomorphism 

%{M 1 (X)) ^H l {X-Z{\)) 
of mixed Hodge structures. 



Proof. Recall from ( pq| Chap. VI, §14, Prop. 13, p. 128) that is surjec- 
tive; universal morphisms are maximal in the sense of loc. cit. 
Consider the following commutative diagram: 

► J*(l) ► Fi(X)/tor ► Hi{X')/tor ► 



> H X {T) > H!(A X ) ► ^i(^) ► 

All the vertical maps are maps of MHS because they are induced by mor- 



phisms. It is a classical result (see p. 553 of [15]) that u'^ : Hi(X')/tor — > 
Hi(A x ,) is an isomorphism. By the snake lemma, — > H\(T) is surjec- 
tive. But the rank of H\(T) is the same as the dimension of T which equals 
the rank of I , as remarked earlier. Since they both have the same rank, 
the left vertical map is an isomorphism. Thus, we obtain that the map it* : 
Hi(X)/tor -> Hi(A x ) is a isomorphism of MHS. By definition, %{M l {X)) 
is the mixed Hodge structure H\(A X ;Z) ||, 10.1.3 p. 54. We turn to (ii). 
The universal coefficient theorem says that the groups Hi(X;Z)/tor and 
H 1 (X;Z) are naturally dual. So i7 x (X)(l) and H\{X)/tor are dual as el- 
ements of MH l pol , i.e., H l (X)(l) = Hom M Hs{Hi{X),Z{l)). Since duality 
of 1-motives is compatible with duality in A4Tip ol (||, §10.2), the result 
follows from the first part. □ 



4 For divisors, homological equivalence coincides with algebraic equivalence. 
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Remark 2.6. One cannot expect the previous result to be true for an arbi- 
trary complex algebraic variety (thereby justifying the entrance of 1-motives 
in this context): the weights in the Hi of a semiabelian variety are -2 and -1, 
whereas the weights that can and do occur in the Hi of an arbitrary variety 
are -2, -1 and (|7]] 7.1, 8.3). A noncompact nonrational curve with nodes 
provides an easy example of the last property. 

3. PlCARD SCHEMES 

In this section, we extend the classical construction of the Picard scheme 
to a simplicial setting. The arguments are based on spectral sequences. 

Let / : V — ► S be a proper reduced scheme of finite type over S. 

We define 1Z 1 f*O v on Sfl to be the sheaf associated with the presheaf 
T i-> H x (y X S T;0 VxsT ). By a theorem of J. Murre and F. Oort (§, 
§8.2, Theorem 3, p. 211), the sheaf 1Z 1 f*O v is representable by a locally 
algebraic group scheme Picy . One refers to Picy as the Picard scheme of 
V. One obtains that 

H\V;O v ) = Pic v (S). 
We recall the well known ^] 

Proposition 3.1. (i) (de Rham realization) Let k be of characteristic zero. 
There is a canonical isomorphism ([p3|], |25| |, |J §10.1) 

(ii)(Hodge realization) Let k = C. The exponential sequence and G.A.G.A. 
furnish a natural isomorphism 

ffi(V)(l)^T([0 

3.1. The Picard scheme of proper simplicial schemes. Let Z 9 be a 

simplicial scheme. The absolute Picard group Pic{Z,) of Z, is the group 
H~z; aT {Z 9 \G* z ) where 0* Zt is the sheaf of units of the structure sheaf Oz, 
of Z,. We often use the notation O* to indicate the sheaf of units of a 
simplicial scheme (specified by the context). 

By the definition of cohomology in the simplicial setting (Q, pp. 12-14, 
esp. 5.2.3 and 5.2.7, (l3|], Ex. 1.1, p. 7), elements of the group Pic(Z,) 
correspond to isomorphism classes of pairs (C, a) where 

(1) C is an invertible sheaf on Zq such that 5qC is isomorphic to 8\C; 

(2) a is an isomorphism 5q£ — > 5iC on Zi satisfying a cocycle condition 
on Z2, i.e., the following diagram is commutative: 

6ffiC 818{£ SffiC 

8* a 

SfS^C 5*i5f£ 5* 5*i£ 

5 The crystalline analog may be found in |5J| II 3.11 and Q pp.46-47. 
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The maps 8q,8i : Z\ — > Zq and 80,81,82 ■ Z2 — > Z\ form part of the 
simplicial structure of the scheme Z m (|| III, 5.3.6, pp. 15-16). We write 
the cocycle condition as 

(12) 8* 2 (a)8* (a)= 81(a). 

Let V, be a proper reduced simplicial scheme. The structure morphism 
of V n — > S 1 is denoted by / n and the structure map K — > S is denoted by /. 
For any scheme T over S, we get a simplicial scheme V, x$ T. By III, 
5.2.3.2, p. 13, there is a spectral sequence 

(13) E™=H«(V p x s T;0* VpXsT )^HP + "(V. x s T;0*). 

We define TZ 1 f*0* to be the sheaf on Sfl associated with the presheaf E : 
T i-> H l (V.x s T-0*). The first result that one has about this sheaf is the 

Theorem 3.2. The sheaf TZ 1 f*0* on Sfl is representable by a locally al- 
gebraic group scheme (denoted Picy.)- 

Proof. We define TZ 1 f nif O* n to be the sheaf on Sfl associated with the 
presheaf: 

T^H\V n x s T;0* VnXsT ) 

The sheaves TZ® f nit O* n are representable by tori. By the classical theorem 
of Murre and Oort §8.2, Theorem 3, p. 211), the sheaves TZ 1 f n *0* n are 
representable by locally algebraic group schemes. 

The spectral sequence fll~3| ) gives rise to an exact sequence (natural in T): 

(14) -» -» H\V. x s T; O*) -» E^ -» . 

Let be the presheaf defined by T 1— > -Ef T ana - ^ ^ P ' 9 ^ e ^ ne snea f 
associated with the presheaf E p ' q . 

One has an exact sequence of sheaves on Sfl- 

_> f 1.0 _> Te 1 /*e>* -> £ °> 1 ^ £ 2 >°. 
The sheaf i? 1,0 is the homology of the complex of sheaves: 

K°fo*0* K°f u Ol ^ /2*O 2 *. 

Each of the sheaves in the above complex is representable by a torus. There- 
fore the sheaf £ 1,0 is representable by an affine group scheme C whose neu- 
tral component C is a torus. 

- The same argument demonstrates the representability of the sheaf £ 2,0 
by an affine group scheme W with W° a torus. 

- The sheaf f ' 1 is the sheaf Ker (TZ 1 /o*Oq — - — ^ TZ 1 Since each 
of these last sheaves is representable by locally algebraic group schemes, we 
find that the sheaf £ 0,1 is also representable by a locally algebraic group 
scheme, denoted K. 
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- The homomorphism d,2 corresponds to a morphism of locally algebraic 

group schemes K W. The kernel of d is a locally algebraic group scheme 
Q' representing the sheaf Ker{d2). Thus, in the exact sequence 

-► S 1 ' -» K l f*0* -» Ker(cfe) -» 0, 

the left term is representable by an affine scheme, and the right term is 
representable. The representability of the sheaf 1Z l f*(D* follows from the 
next proposition. □ 

Proposition 3.3. Let — > F — > G ^ H — > be an exact sequence of sheaves 
of abelian groups on Sfl- Suppose F,H are representable, and that F — > S 
is an affine morphism (i.e. the scheme representing F is affine over S). 
Then G is representable (necessarily by a commutative group scheme). 

Proof. This is Proposition 17.4 on page III. 17-6 of f2§. □ 

The Picard scheme Picy, of V, is an extension of Q' by the (reduced) 
affine group scheme C". We now recall the (|]] Corollary 2.2, II §5, no. 2, 
p. 288): 

Theorem 3.4. Let G be a locally algebraic group scheme over a field F. 
If the field F is perfect, then the reduced scheme G red is a smooth group 
scheme. 

This is the main reason why we assume that k is perfect. Other reasons 
include 

(i) the structure theorems for commutative group schemes are particularly 
nice over a perfect field (Theorems 1 and 2 of §9.2 in Q). 

(ii) Over a perfect field, a curve X is smooth if and only if it is normal. 
These two notions are not equivalent over arbitrary fields (related to the 
distinction between smoothness and regularity of schemes over imperfect 
fields; cf. Exercise 10.1 of 0). 

(iii) Grothendieck has expressed doubts about the suitability of 1-motives 
over imperfect fields (see the appendix to pQ]). This is based on the fact 
that the 1-motives associated with a (singular) curve need not be compatible 
with base change. 

(iv) our eventual interest is in constructing 1-motives for general varieties 
by using simplicial smooth varieties. Our construction (§0) is based on the 
results of []l0| which are valid only over perfect fields (page 1 of p0[ ). 

Corollary 3.5. Let V 9 be a proper reduced simplicial scheme. Assume that 
VqXsS is normal i.e. Vq is geometrically normal. The group scheme Picy^ ed 
is a semiabelian scheme. 

Proof. The sheaf TZ /o*Cg is representable by a group scheme whose re- 
duced subscheme is an abelian locally algebraic scheme |16[j , Theorem 2.1, p. 
11. In other words, the neutral component of K red is an abelian scheme. Re- 
call that every morphism from an abelian variety to an affine group scheme 
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is constant; in particular, a homomorphism must necessarily be the zero 
map. Therefore, the neutral component of K red must be in the kernel of 
the morphism d. In other words, if Q denotes the neutral component of 
(Q') red , the inclusion of Q in K 0,red is an equality. We obtain that Picy^ ed 
is a semiabelian scheme. □ 

In particular, Corollary |3.5| applies to a smooth proper simplicial scheme. 

Proposition 3.6. Let V 9 be a proper reduced simplicial scheme. One has 
the following natural isomorphisms: 

(0) H l {V.XsS;0*)^Picv.{S) 

(1) H X (V,\ O) ^ Lie Pic\ % = Lie Pic v . 

(2) (k = C) H l {V.;0*) ^ H 1 ^; O*), H l {V.;0) A H^V™; O) 

(3) (k = C) H\V.;Z(1)) ^ H^Pic^-Z). 

Proof. The isomorphisms in (2) is a natural consequence of G.A.G.A. 
applied to E% '| of fll4}). Assertion (0) is clear. The proof of (1) follows the 
proof of Theorem 1, §8.4 on p. 231 in Q. In the exact sequence (induced 
by the exponential sequence on V m ): 

the map d is injective since exp : C — » C* is surjective. By parts (1) and 
(2), this is enough to prove (3). □ 



4. The Albanese and Picard 1-motives 

Let us fix a simplicial scheme X 9 , the complement of a divisor E, with nor- 
mal crossings in a smooth projective simplicial scheme X' m . In this section, 
we define the Albanese and Picard 1-motives of X 9 . We prove a conjecture 
of Deligne that the Hodge realization of the Picard 1-motive of X, (over C) 
is H X {X,;1.(1)). 

4.1. The Picard 1-motive. Let R n be the large group scheme Z Sn . Put 
R" n := Ker(b n : R n — > Dp icXn ). We define 

R' := Ker(R R x ). 

Any element r of R'(S) determines an invertible sheaf 0(r) on X' x$ S. 
There is a canonical isomorphism a r : 8qO(t) ^ 5\0{r) on X[ x$ S; the 
isomorphism a r satisfies the cocycle condition 

P*2( a r)Po(a r ) =p\{a r ). 
We have a homomorphism 

R'(S) ±Pic XL (S) = Pic(X. x s S) h'{m) = ([0(r)],a r ). 
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h! 

Let R! — > Picx 1 be the corresponding homomorphism of group schemes. 
Composing with the natural morphism Picx 1 . —> NS(X' 9 ) := ffo(Picx' m ), 
one gets a homomorphism 

R' NS(X',) 
whose kernel is denoted R. Another description of R is 

R = Ker(R" ^%R\). 
Recall from Corollary [Tf] that P := Pic^, ed is a semiabelian scheme. 
Definition 4.1. The motivic H 1 (or the Picard 1-motive) of X, is: 

M 1 {X.) := [R±P]. 

4.2. The Albanese 1-motive. We put Ai = Axi and Di = Dx t ; note 
that Di = Da-. By virtue of the simplicial structure of X,, the groups Ai, 
A^, Di assemble to form simplicial groups A,, A® and D,; they fit into an 
exact sequence of simplicial group schemes 

-> Al -> A. -» D, -» 0. 

There is a natural functor (usually termed normalization) p3| which 
transforms a simplicial commutative group into a homological complex; the 
simplicial maps 5i are replaced by the differentials d := Sj(— ) J (5j. Thus, the 
previous sequence can be interpreted as an exact sequence of complexes of 
locally algebraic group schemes (concentrated in nonnegative degrees); as 
such, one gets a long exact sequence of homology. We set 

° - Ho{A ' ] ~ diAjy N - Hl{D ' ] ~ Im(d : D 2 - D\) ' 
One has the boundary map d : iV — > G. 

Definition 4.2. The Albanese 1-motive (or the motivic H%) of X, is 

M x (A.) := [N-^G]. 

Strictly speaking, N has to be torsion-free for Mi (A.) to be a 1-motive; 
but we can still make sense of the dual 1-motive of Mi (A,). So the torsion 
in N does not affect matters much. 

Remark 4.3. (Constant schemes) If A, happens to be a constant simplicial 
scheme, i.e., if Aj = Ao for all i > and each of the simplicial maps is the 
identity, then Mi (A,) = Mi(Ao) where Mi(Ao) of the special scheme Xq is 
defined as in (||). 

Theorem 4.4. (Deligne's conjecture )[] Let k = C. One has a natural iso- 
morphism 

^ 1 (A.;Z(1)) ^1(M\X.)). 



6 This has been proved (independently) by Barbieri-Viale and Srinivas Q]; it was an- 
nounced in fil. 
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Proof. As before, we set P := Pic x , ; it is a reduced scheme. 

The main step is the construction of a homomorphism [3 from H 1 (X,; Z(l)) 
to Lie P, the Lie algebra of P; note that Lie P is H l (X' a ; O x > )• For this, we 
closely follow Deligne (||, 10.3.9-10.3.15, p. 71-74); the modifications are 
minor. 

Lemma 4.5. (i) Let j™O x be the subsheaf of meromorphic functions of 
j*O x on X' 9 . One has 

H 1 {X.-Z{l))=U\X'„[O x , ^>j™O x ]). 



(ii) 

C) — nil \*n-„\yx' ~^ iL x', { 

(iii) The inclusion of H 1 {X m ;'L{l)) in H l (X 9 ;<£) is defined by the morphism 
of complexes 



\\X'„[O x ,^n x ,(log E)]). 



exp 



X 



df/f 



n x ,(log E). 



Proof. Consider the commutative diagrams 



\X.-Px O x ]) 



l l {X:;\j*O x 



j*o* x ]) 



^(X'.;[j,O x 



exp 



i^x'^Ox > j*n x j) <- 



HK-AOx* 



- 3?O x )) 



The horizontal maps in the first diagram are isomorphisms due to 
(1) the exact sequence of complexes on X' 9 : 



-» Z(l) -» Ox. ^ O* 



A". 



0. 



(2) the fact that the inclusion of complexes 

o^c^px 1 * n x .} 

is a quasi-isomorphism in degree less than 2. More generally, the inclusion of 
the truncated De Rham complex Qy in the De Rham complex of a smooth 
simplicial scheme V, induces a quasi-isomorphism in degree less than n. 
(3) the fact that V}j*O x , = (§ 3.1.7). 

The horizontal maps in the second diagram are isomorphisms because the 
morphism of complexes which define them are quasi-isomorphisms. □ 



18 



NIRANJAN RAMACHANDRAN 



The group H 1 (X^; [0* x , — > Qr x , (log E)]) can be interpreted as the group 
of isomorphism classes of triples (C,ac,u>c), with C an invertible sheaf on 
X' 9 (thereby determining Cq on X' ), etc is an isomorphism 5q(Cq) — > <5*(£o), 
and ujc is an integrable connection on C, regular on X, with at most simple 



poles along the divisor E, (cf. |25| 2.5, p. 364 or |3lJ], 1.5, p. 47), whereby, 
using the connections on invertible sheaves = one-forms dictionary, one can 
identify luc with an element of H°(X' 9 ; Q x , (log E)). 

If a denotes the projection X' 9 to S, then the Sfl sheaf R 1 a*[O x , — > 

Q x , (log E)\ is representable by a group scheme, denoted M^, whose group 

of C-points is the group H 1 (X^; [0* x , — > Q x ,(log E)]). The group scheme 

M x is an extension of a subgroup (containing P) of Picx 1 , by the additive 
group scheme representing the Sf pp f sheaf R°a*Q x , (log E). The repre- 



sentability of R}a^[O x i — ► Q, x , (log E)] follows by applying Proposition 
to the exact sequence 

-» R°a*n x ,(log E) -> R 1 a if [0* x , t -» n x ,(log E)\ -> R l a*O x r, 



details may be found in 

Consider an element r of R(C), i.e. a divisor ro supported on Eq, alge- 
braically equivalent to zero, such that Sq^q) = 8*(ro) (equality of divisors on 
X[). The invertible sheaf 0(tq) on X'q extends to an invertible sheaf 0(r) on 
X' m , equipped with a canonical isomorphism a r : 5g(0(ro)) = <5*(0(ro)), and 
an integrable connection a; r on O(r), regular on X, with atmost simple poles 
along the divisor E 9 . The connection u r or, equivalently the corresponding 
one-form, may be described as follows: If /$ are defining equations for the 
divisor ro on any open covering Ui of X' Q , then w r = dlog(fi) = d(fi)/ fa on 
[Zj. One defines a map 

(15) R^M Xm r i-> (0(r),a r ,u r ) 

The group H^X.; C) = M 1 ^; [0 X ' m -» «xj ( Zo 5 #)D is the Lie algebra of 
Mjf . It can be identified with the isomorphism classes of triples (L, chl^l), 
for L an O^z-torsor (thereby determining a O^-torsor Lq), an isomorphism 
oil : ^o(^o) — ^i(-^o) an d Wi an integrable connection, as above, on L. 

The group H\X.;Z(l)) = M 1 ^; [O x , ^ 3?CT X .]) is the group of 
isomorphism classes of triples (L,ai, fii), with L an 0x;-t° rsor (determin- 
ing an Ojf/-torsor Lq), an isomorphism ax : Sq(Lq) — ► 5*(Lo), and (5l an 
isomorphism of the invertible sheaf exp(L) with an invertible sheaf 0(r) 
(here r € i?(C)). The map Aut(L) = C — > Aut(exp(L)) = C* is surjective. 
This allows one to identify ff 1 (X,;Z(l)) with the group of triples (t,ctt,r) 
for t an isomorphism class of O x i t -toxsoi (determining a O^-torsor to) an d 
an isomorphism at : <5q(£o) — #l(£o)j i.e. an element of Lie Pic x ^, and 
r € R(C), defining a divisor concentrated on E, with exp(t) as image in 
P = Pic x , (C). In other words, we have defined an isomorphism (of abelian 
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groups)[| 

(16) H\X.;Z(1)) ^ 1(M 1 (X,)). 

The following lemma tells us that this is compatible with the weight filtration 
and the Hodge filtration. 

Lemma 4.6. (i) One has 

W x (H 1 (X. ; Z) ) = Im( (H 1 (X' u ; Z) ) ^ (H 1 {X. ; Z) ) ) , 

WotOff 1 ^;^))) = Im{Ker{H 1 (X',-1) -> fl^XojZ)) ^> ff^X.jZ)). 

(ii) T/ie spectral sequence defined by the "stupid" filtration of [Ox 1 , — ► (^05 -E 1 )] 

degenerates and converges to the Hodge filtration on ff 1 (X,;C). 

Proof. For the first, let us check that -ff 1 (X, mod X' 9 ;Z) is pure of weight 
two. This follows from the exact sequence 

0^ J ff 1 (X;Z(l)) H\X.',Z(1)) ^H°{E.;Z) A H 2 (X',; Z(l)) 

(with a step of the Tate twist Z(— 1), since H°(E,; Z) is pure of weight zero), 
part of the cohomology sequence of the exact sequence of complexes on X' 9 

_> p x , Q\\ -» [0*, ^> j; m Oi] - [0 - Z(£.)] - 0; 

the last map is the divisor map j™O x — ► Z(£'.). 

The second assertion in (i) follows from examining 8.1.19.1 and 8.1.20 of 
H, p.35. As for (ii), it is clear from the definition 3.1.11, 8.1.8, 8.1.12 of g] 
of the Hodge filtration. □ 



Back to the proof of Theorem |LJ: Combining the commutativity of the 
diagram 

H^X.^il)) — ^{M l {X.)) ► LieP = H 1 (X'„O XL ) 

H^X'jC) LieM\X.) > Lie P = H 1 (X' u ; O x , m ) 



with part (ii) of Lemma 4.6 , we see that the map in (|lq ) is compatible with 



the Hodge filtration. □ 

5. A Duality theorem 

We retain the notations of §|4|. In this section, we prove the duality of the 
Albanese and the Picard 1-motives (conjectured by Lichtenbaum) . Recall 
the exact sequence (here P := Pic x r , ed ) 

We set a : X' 9 — > S to be the natural projection; we use Oj : X [ — > S for each 
of the components. 



r See the definition of T § §10.1.3.1. 
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5.1. The duality theorem. 

Theorem 5.1. (Lichtenbaum's conjecture) The 1-motives 
Mi(X.) := [N G], M l {X.) := [ R h P] 

are dual. 

Remark 5.2. As mentioned earlier, Mi (A,) is not always a 1-motive: N 
may contain torsion. But it is still possible to define the dual of M\(X,) 
(Deligne @ §10.2). 

Proof. It will be based on a number of lemmas. Let B denote the maximal 
abelian quotient of G; we define the torus T by means of the exact sequence 

0->T->G->B^0. 

Lemma 5.3. The abelian schemes B and Q are dual. 

Proof. The semiabelian scheme G is defined by the top horizontal exact 
sequence 

A° Xi — A° Xq ► G ► 



31 



30 



A% , — A% > B ► 0; 

the vertical maps are surjective, taking each semiabelian scheme to its max- 
imal abelian quotient. The abelian scheme Q is the neutral component of 

the (reduced) kernel of Pic x r , ed d ° dl -> Pic x r , ed . The classical duality of the 
Albanese and Picard varieties — for any smooth projective scheme Z, the 
abelian schemes A° z and Pic% ed are naturally dual (compatible with mor- 
phisms). Applying this to X' and X[, and using functoriality, we see that 
Q and B are dual. □ 



Lemma 5.4. The torus TCom(R,G m ) is isomorphic to T. 

Proof. In the previous commutative diagram, the torus corresponding 
to the kernel of j\ (resp. jo) was identified to be Ttom(R" i,G m ) (resp. 
Ttom(R"o, G m )) by Corollary |2.2| (a) applied to Xq and X\. Consequently 
7iom(R, G m ) can be identified with T. □ 

Lemma 5.5. There is a canonical isomorphism of tori: 

Hom(N, G m ) = C'. 

Proof. Fix a smooth proper scheme W with projection g : W — > S. The 
torus TLom(D\v , G m ) also represents the fppf sheaf R g^O^ v ; a character 
of Dw provides a nonzero function, constant (since W is proper) on each 
connected component of W, i.e., on each irreducible component since W is 
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smooth. The affine group scheme C represents the homology sheaf of the 
complex : 

(17) K°a *O* K ^% K°a u O* xi d -°^±±% K°a 2 *O x ,; 
this can be identified with the following complex: 

(18) Hom(D X ' o ,G m ) — — U Hom{D X ' 1 , ( G- rn ) — — — ^ Hom(D x >,G m ). 

Thus, C represents the homology sheaf of fll8|). We have defined N to be 
the etale group scheme representing the homology of the complex 

„ 5q— 81+82 t-, <5q — <5i „ 
L>Xi ► L>X X > D X ■ 

But note D Xn = D X i since the complement E 9 of X, in X' m is a simplicial 
divisor. As the functor 7iom(—,G m ) establishes an anti-equivalence of the 
category of group schemes of multiplicative type and etale group schemes, 
we get that C = Hom(N, G m ). □ 

A consequence is the isomorphism Hom(C', G m ) = N. In the next 
lemma, tt denotes the projection P — > Q (as above). 

Lemma 5.6. The 1-motive [R n h > Q] is dual to [0 — > G]. 

Proof. As observed earlier, the 1-motive [R - h > Q] is the 

Ker([R>> - Pity ^% [R>> - Pity), 

rendering its dual to be the 1-motive [0 — > G], by Theorem 2A_ applied to 
J and Ii. □ 

For any 1-motive M, Deligne (|| 10.2.11, p. 67) defines the dual 1-motive 
M* by M* := IZHom (M, G m [-1]) where IZHom is the derived functor of 
Horn on the abelian category of complexes of group schemes over S. We 
follow his prescription in determining the dual of M := M\(X 9 ): 

(a) The dual of M/W^ 2 (M) 

Recall that P(V) = Pic x r , ed (V) classifies isomorphism classes of pairs 
(£, a) with C an invertible sheaf on X' x$V and a an isomorphism Sq(C) = 
51(C) over X[ x$V satisfying a cocycle relation on V. We may 

also interpret a as a trivialization of the invertible sheaf Sq(C) (6* (£,)) , 
i.e., an isomorphism 5q(C) ® (#*(£)) = 0Xix s v (also required to satisfy 
a cocycle condition). 

There is a natural morphism of functors fxt 1 ([A^ £?],G TO ) P: el- 
ements of the former are isomorphism classes of pairs (£, a) where C is an 
invertible sheaf on Xq, defined by an element of Q = £xt l (B, G m ) (the dual 
abelian scheme), and a is a trivialization of d*(C). The element C naturally 
extends to an invertible sheaf on X' 9 because C € Q. Since d is defined via 
the map 5q — 8\ : A Xl — > A Xo , we see that a trivialization of d*(C) amounts 
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to a trivialization of the invertible sheaf 6q(C) (8> (51(C)) 1 on X[. Compar- 
ing with the definition of P (recalled above), it is clear that the morphism 

d 

is actually an isomorphism of functors. The 1-motives [N — > B] and [0 — > P] 
are dual. 

(b) For each r € R = Hom(T, G m ), the extension M of M/W- 2 (M) by T 
defines an extension of M/W-2(M) by G m , and hence an element s(r) E P. 
This combines into a homomorphism s : i? — > P. Therefore, the dual of 
Mi(X.) is the 1-motive [R-^P]. 

Thus, to finish the proof of Theorem it suffices to show that h = s. 

Let To be the torus Hom(R ',G m ). It is the kernel of the projection 
: Ax — > (see 2J). One may view as the total space of a 



7o-bundle over A x , . Similarly, L (the universal torsor for X' ) is the total 

space of a To-bundle over L'. Fix the universal morphisms u : Xq — > L, 
u' : X — ► L' and the isomorphisms 

(19) Pic^ = Picl: ed * Pic x ? d . 

x o 

It is a complete tautology that both the To-bundles have the following 
property: For any r G Rq = Hom(To,G m ), the line bundle obtained via 
r over A x , and L' corresponds to the element [O(r)] € Pic° x r , ed under the 

isomorphisms in (|l^) . Lemma |5.6| and the fact that R > Rq together show 
that ir(s(r)) = ir(h(r)). 

Consider the restriction of the To-bundle L := (u')*L over Xq to the open 
subscheme Xo. The universal morphism u : Xq — > L is defined by lifting 
the map v! : Xo —* V by means of a consistent choice of sections of the To- 
bundle L. For any r G R, the map it determines a rational section r r of 0(r) 
on Xq whose divisor is r. On Xo, the section r r of O(r) is nowhere vanishing 
and regular. Similarly, we have a rational section r_ r of the invertible sheaf 
O(-r). One has a a priori rational section of the invertible sheaf L\ := 
^o(C( r )) 8>^i(C(r)) _1 on X[ given by Q r := <JjJ(r r ) ® 5*(T_ r ); this is because 
0(r) -1 = C(— r). But £i is the trivial invertible sheaf Ox 1 on Xi and the 
section Q r on X\ is the identity section. 

The element s(r) corresponds to a pair (?r(s(r)), /3 r ) where /3 r is a trivial- 
ization of the invertible sheaf corresponding to n(s(r)) over X. As remarked 
earlier, the element ir(s(r)) corresponds to the invertible sheaf 0(r) on X Q . 
Utilizing the definition of the map d, we see that the pull back d*(0(r)) 
is the invertible sheaf L\ on X{. Since (3 r is the pullback (via d) of the 
trivialization r r of 0(r) on Xo, we obtain that (3 r = ( r on X\. Therefore, (3 r 
also corresponds to the identity trivialization of C>x(- Comparing with the 
definition of h (recalled below), we obtain that h(r) = s(r). 

One could alternatively proceed using the fact that Dx i = D X ' for any i, 
and the sequences ( |l7| ) and (|lg|). 
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Let us recall the definition of the map h: Any element r £ R satisfies 
^o( r ) = ^i( r ) = r i (equality of divisors on X\). Therefore, there is a canon- 
ical isomorphism a r : <5g(0(r)) = 5l(0(r)), corresponding to the identity 
in Forojq(0(ri),C>(ri)). The invertible sheaf 6%(0(r)) ® (^(O(r)))- 1 is 
canonically isomorphic to C>x(j the element a r , interpreted as a trivializa- 
tion of the former, corresponds to the identity section of Ox' x - The map h 
sends r to the pair (0(r),a r ). 

Consequently, the dual 1-motive of M\(X m ) is M 1 (X,). □ 

Corollary 5.7. The Picard 1-motive M 1 (C/») is a contravariant functor. 



Proof. Combine Theorem 5.1 with the (evident) covariant functoriality of 
the Albanese 1-motives. 



Remark 5.8. Theorem |5.1| depends on the following two facts: 

(1) For any r £ R, the pullback <^(0(r)) ® ^(©(r) -1 ) is the trivial 
invertible sheaf Ox' on X[ ; this is by definition of the group R. 

(2) the pullback of any rational section r r of 0(r) (such that the divisor 
of T r is precisely r) under the map d is the identity section of Ox'\ this is 
by definition of the map d. 

6. Curves 

A curve denotes a scheme of pure dimension one. For any curve C over an 
algebraically closed field, there is the motivic H 1 of C denoted H~ 1 (C)(1)(1) 
defined by Deligne || §10.3, and the homological 1-motive h\(C) defined 
by Lichtenbaum it is clear by inspection that their definitions are valid 
over a perfect field k. 

In this section, we provide a new proof (based on Theorem |5.1| ) of an 
unpublished theorem of Lichtenbaum that hi(C) is dual to -ff^(C)(l). 

We refer to (|] pp. 247-248; fjjj; H) for the details of seminormaliza- 



tion. We recall that the seminormalization C of a curve C is the largest 
curve between the normalization C and C which is universally homeomor- 
phic to C. The association of C and C with C is compatible with base 
change; this requires k to be perfect. 

The 1-motives and hi of curves do not change upon seminormalization 
and depend only on the underlying reduced scheme structure. Therefore, we 
may assume that we deal with reduced curves which are seminormal (i.e., 
that they do not have cuspidal singularities). 

6.1. Jacobians of proper curves: a review. Let L be the (reduced) 
closed subscheme of a seminormal proper curve C corresponding to the 
singular locus of C. Take g : C — > C to be the canonical projection. Put 
K := L Xc C; it is a reduced closed subscheme of C. There is a natural 
homomorphism g : Dk — ► Dl with kernel D 1 . The inclusion of K in C 
provides a homomorphism Dk — ► Dg- This yields a map D' Dq. 
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Since C is normal, the connected components of C are the irreducible 
components of C. So one has an isomorphism iro(Pic^) — > ttq{A^) = Dg. 
Using this, one can state the Abel-Jacobi theorem as follows: 

Theorem 6.1. (Abel-Jacobi) For any smooth projective curve X, one has 
a natural isomorphism 

A x Pic x ; 

this isomorphism is induced by the map X Picx (each point of X is 
viewed as a divisor). 

Consider the exact sequence of sheaves on C: 

(20) 1 - 0* c -» g*0* d -» g*Oy<D* c -» 1 . 

The quotient sheaf V := g^O*^jO* c is supported on L. Let / : C — > S 1 be 
the structure morphism. The sequence (|20| ) furnishes an exact sequence of 
sheaves on Sfl- 

(21) 1 -» i?°/*Oc -» R f*(9*O* d ) A i?°/*V -> 

Since 5 is finite, its higher derived functors are zero. Thus R 1 f*(g*0*j) = 
R}(j g)*0*£. In other words, the last sheaf in pi] ) corresponds to the Picard 
scheme of C. 

The sheaf R°f*V is the torus dual to the group D'. The sheaf R f*(g*0^) 
is the torus dual to Dg. The map v between these two sheaves in corresponds 
to the pullback of functions by the natural inclusion of K > C. Therefore 
v is dual to the map D' mentioned above. The cokernel of v is the 

torus T dual to the group scheme D := Ker(D' -A Dg). 



An immediate corollary of (21) is that the Picard scheme of C also repre- 
sents the functor which assigns, to a S*-scheme Z, the group of isomorphism 
classes of pairs (£, a) where £ is an invertible sheaf on C x$ Z and a is a 
trivialization of the restriction of C to K x$ Z. 

Remark 6.2. Note that the Picard scheme of a proper curve is always 
reduced [16] Proposition 2.10. 



6.2. 1-motives of curves. Let C be a curve (assumed to be seminormal). 
Denote by C the unique proper curve containing C as a dense open sub- 
scheme such that the singular locus of C is the same as that of C. As usual, 
C and C denote their normalizations ^. We may also describe the latter as 
the unique smooth proper curve containing C as an open dense subscheme. 
Denoting by E (resp. Eq) the closed complement of C (resp C) in C (resp. 
C), there is a natural projection c : Eq — > E, an isomorphism of finite etale 
schemes. One has an isomorphism 

(22) c* : Z w{E) ^> Z w( - Eo) . 



3 Note that there is no ambiguity here: C = (C)' 
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Consider the natural morphism a : — > Pice — > 7To(-Picc/); let i; 
denote the induced map Ker(a) — > Pic^,. 

Definition 6.3. (Deligne) T/ie motivic H 1 of C is the 1-motive 

:= [ifer(a) Ap; c ° c ,]. 

We recall that the special simplicial scheme {{C /C) A ") n >o is smooth (the 
(n + l)-fold fibre product (C/C) A " is the disjoint sum of C, the diagonal, 
and a finite etale scheme) and that it admits ((C' /C') An ) n >Q as a smooth 
compactification with a (smooth!) simplicial divisor E, as complement. Let 
us put 

C n := {C/C) A \ C' n :=(C'/C') A " (n>0). 
Both of the schemes C, and are smooth simplicial schemes. We have 
C = C and C = C' . 

The natural augmentations a : C, — > C and b : C 9 —> C are proper 
hypercoverings of C and C" respectively. 

Lemma 6.4. XYie map 6* : Pic^, — > P%Cq, is an isomorphism. 

Proof. The map from bo : C = C' — » C" is finite and surjective. Interpret- 
ing the conditions on the elements of Pic^/ as descent data, we see that the 
map b* is injective (||, §6) (see also |P| ). 

For the surjectivity, one uses the well known fact that descent data for 
invertible sheaves is effective for finite surjective morphisms (Q, §6.5, The- 
orem 1, p. 157). □ 

Let F denote the singular locus of C; we take Fo := F xq C. Denote 
by V the proper seminormal curve corresponding to the modulus Eq on C' 
([36] IV, no. 4, p. 61 and 76). There is a distinguished S-point U which is 
the unique singular point of V . The pullback of U under the map C — > V 
is Eq. The curve C' is the normalization of V. We set H := Picy. 

We recall the following 



Theorem 6.5. (Rosenlicht-Serre) There is a natural isomorphism 

of semiabelian schemes over S. 
Proof. This follows by combining 

• Theorem 1 in ([|36| Chapter V, p. 88): H is isomorphic to the generalized 



Jacobian of C' corresponding to the modulus Eq and 

Example 1 in (3^]: the generalized Jacobian of C' corresponding to the 



modulus Eq is none other than A%. □ 

Notice that F and E (similarly Eq and Fq) are disjoint. 
Put D' := Ker(Dp — > Dp); there is a natural map D' A^, induced by 
the inclusion of Fq in C. We set D := Ker(D' — > Aq — > -D^.), the last being 
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the group of connected (= irreducible) components of C. The group D(S) 
is generated by differences (x — y) £ Dp (S) such that bo(x) = bo(y) £ F(S) 
and x, y are in the same geometric component of C. 
Using Theorem |6.5|, we may define h\ (C) plj . 



Definition 6.6. (Lichtenbaum) The homological 1-motive h\{C) is the 1- 
motive 

The key identification is in the 

Theorem 6.7. One has natural isomorphisms 
(\)Hl{C){l)^M\C.). 
(ii) hi(C) AMi(C.). 

Proof. We begin with (i). We have defined R to be the subgroup scheme 
of Z w ( Bo ' corresponding to the intersection of the kernels of Z 1 "^ *' — > 

n (Pic° r ,) and Z w ^ . 

It is a simple consequence of the definition of C' m that we have a complex: 

jw[E) jw{E ) 5 o~ 5 l^ jw(Ei)_ 

But c* is an isomorphism (||). Therefore, R = Ker(Z w ^ Eo) -> 7ro(Pic£, )). 
Since the group of connected components of the Picard schemes of C and 
C' = C' are isomorphic (||, Proposition 10, §9.2, p. 248-9), we find an 
isomorphism c* : Keria) — > R. 

The diagram below is commutative: 

Ker(a) — - — > Pic^, 



i2 Pic° CL 



with isomorphisms (see Lemma |6.4j ) for vertical arrows. This proves (i). 
We remark that Co := C and C\ := C Xq C. As usual, we write the 

Albanese 1-motive of C, as [N —* G] (see §||). 

The Albanese 1-motive of a special scheme W is the neutral component of 
the Albanese scheme Ay/ of W (2.1). Any normal curve is a special scheme. 



It is clear from the definitions of the Albanese 1-motive and the homological 
1-motive that, for a normal curve Y, one has h\{Y) = Mi(Y) = A y - 

Returning back to our curve C and C,, let us set A{ := Ac r Since each 
Cj is the disjoint union of the diagonal (isomorphic to C) and a finite etale 
scheme Xi (i > 1)0, we have that Ai = A^, X5 Z?av We have Aq = Aq. 
Therefore, the simplicial large group A, contains a constant simplicial large 
group Bi := A^ (for all non-negative integers i). Viewing these simplicial 
groups (and Dx t ) as complexes (by normalization), we see 

9 This is because Co = C. 
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(1) that A & = H (B.) = H (A.). 

(since Cq = C) that ttq(Aq) = D^. This in turn implies that 



N 



Ker (D Xl D c ) 
Im (D X2 ^±^D Xl ) 



In particular, we deduce G = A%. So we have already proved that 
W-\h}-{C) = W-\M X (C,). We will use the previous description of N to 
show that D is actually N (compatible with the map fj) and this will finish 
the proof of (ii). 

Let us put F n to be the (n + l)-fold fibre product of Fq over F. We have 
F x ■= F x F F and_F 2 := F x F F x F F . 

The group Dx 1 (S) is generated by points (x,y) £ Fi(S) with x ^ y (i.e. 
x, y are distinct points of Fq). By definition, the points x,y £ C(S) satisfy 

b (x) = b {y) e C(S). Set K := Ker(D Xl Dg). The group K(S) is 

generated by points (x,y) G Fi(S) which map to the same (geometrically) 
connected component of C. There is a natural morphism 7 : K — ► D, 
which we describe on the level of the geometric points: we send (x, y) to the 
element x — y € D(S). The morphism 7 is surjective (by the seminormality 
of C). 

Let us turn to the group Dx 2 {S)- It is generated by elements (x,y,z) G 
F2(S) with x 7^ y, y 7^ z, x ^ z. By definition, we have bo(x) = bo(y) = 
bo(z) G C(S). One has a map 

5 : D X2 S ° 61+62 > K (x, y, z) h-> (y, z) - (x, z) + (x, y). 

The composition j.S can be checked to be zero; in fact, Ker{^) = Im{5). 
Since the group N is Coker(5), we see that N = D. It is clear that the maps 
from N and D to A*-, are compatible with this isomorphism. This proves 
(ii). ( □ 

Theorem 6.8. (Lichtenbaum, unpublished) The 1-motives (C)(1) and 
h\(C) are dual. 



Proof. This follows from Theorems 6.7 and 5.1. □ 



Corollary 6.9. (Hodge Realization) For a curve C over C, one has an 
isomorphism 

H 1 (C)^'s:(h 1 (c)). 



Proof. Combine Theorems 10.3.8 of [Hi and 5.1. □ 



The motivic H 1 of C can also be interpreted as the motivic relative coho- 
mology group H^C' — Eq rel Fo)(l). Likewise, one can interpret h\{C) as 
the motivic relative homology group H™{C' — Fq rel Eq). With these iden- 
tifications, the duality theorem translates to a Lefschetz duality theorem 
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H^C'-Eq rel F Q )(1) ^ {H^{C'-F Q rel E ))* (see 1.5 of [i^The result- 
ing duality of the Hodge realizations is a classical result |42j (especially 
p. 390-92). 

7. 1-MOTIVES ASSOCIATED WITH VARIETIES 

Let Y be a scheme over S. By de Jong [1C], there exists a diagram 



X. — J —> XL < E, 



Y 

where the smooth simplicial scheme X, is the open complement of a reduced 
simplicial divisor with normal crossings E, in a smooth projective simplicial 
scheme X' m such that, via a, X, is a proper hypercovering of Y. Using this, 
it is possible (as in || §6.3) to translate the theory developed for simplicial 
schemes such as X, to obtain invariants for the scheme V. This has been 
treated in [30]. 



[l 

[2; 

[3; 
[4 

[S. 
[& 

[? 

[8 

[9 

[10: 

[11 

[12; 

[13; 
[14 

[is: 
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